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Abstract. We investigate the magnetic properties of spin-1/2 charged Fermi gases with ferromagnetic cou-
pling via mean-field theory, and find the interplay among the paramagnetism, diamagnetism and ferromag-
netism. Paramagnetism and diamagnetism compete with each other. When increasing the ferromagnetic
coupling the spontaneous magnetization occurs in a weak magnetic field. The critical ferromagnetic cou-
pling constant of the paramagnetic phase to ferromagnetic phase transition increases linearly with the
temperature. Both the paramagnetism and diamagnetism increase when the magnetic field increases. It
reveals the magnetization density M¯ increases firstly as the temperature increases, and then reaches a
maximum. Finally the magnetization density M¯ decreases smoothly in the high temperature region. The
domed shape of the magnetization density M¯ variation is different from the behavior of Bose gas with
ferromagnetic coupling. We also find the curve of susceptibility follows the Curie-Weiss law, and for a
given temperature the susceptibility is directly proportional to the Lande´ factor.
PACS. XX.XX.XX No PACS code given
1 Introduction
Magnetism of electron gases has been one of the central
issues in condensed matter physics. At low temperature,
Fermi particles fill the Fermi level from the lowest energy
values, subject to the Pauli exclusion principle, which is
different from the Bose gas. Since the observation of Bose-
Einstein condensation, the trapped ultracold Fermi gases
have attracted great interest [1,2,3,4]. The measurement
of magnetic susceptibility for ultracold Fermi gases gives
agreement with the Pauli paramagnetism [5]. In the mag-
netism of magnetized pair-fermion gases, it is shown that
the intrinsic spin play an important role in relativistic
paramagnetism or diamagnetism [6].
Besides the ideal gases, interaction need to be consid-
ered for further understanding the magnetism of quan-
tum gases. While the Heisenberg model can usually be
used to explain the magnetic properties of quantum gases.
Within the two different large-N formulations, the low-
temperature properties of quantum Heisenberg models have
been investigated [7], both in ferromagnetic (FM) and
antiferromagnetic (AFM) situation. A Heisenberg’s FM
model has also been used to deal with the high tempera-
ture susceptibility [8].
Not only localized electrons, but also the ferromag-
netism of itinerant electrons has received a great deal of at-
tention. The development of itinerant electron magnetism
a jhqin@sas.ustb.edu.cn
has been outlined with emphasis on spin fluctuations [9].
Research on itinerant ferromagnetism of a trapped two-
dimensional atomic gas has shown that the effective in-
teraction strength is unaffected by the particle number
density, although the FM phase is enhanced [10]. The
FM phase transition of a two-dimensional itinerant elec-
trons Stoner Hamiltonian has been studied with quantum
Monte Carlo calculations. It is shown that a first-order
FM transition occurred for short screening lengths with
a screened Coulomb interaction [11]. In spite of an in-
finitesimal value of the coupling can induce a FM phase
transition for spinor Bose gases[12], the Stoner coupling of
Fermi gases cannot lead to a FM phase transition unless it
is larger than a threshold. The mechanisms of the Curie-
Weiss law for the itinerant electron FM material have been
investigated through the 1/d expansion theory [13].
In this paper, by using the mean-field theory, the mag-
netic properties of charged spin-1/2 Fermi gases with FM
interactions are investigated. Our results uncover a com-
petition among paramagnetism, diamagnetism and ferro-
magnetism. We also present a comparison with the results
of charged spin-1 Bose gas with FM interactions which
have been obtained previously [14]. As the increase of tem-
perature, there is not a pseudo-critical temperature for the
charged spin-1/2 Fermi gases with FM interaction, which
is different from the case of Bose gas. The relationship of
susceptibility and temperature obey the Curie-Weiss law.
In section 2, a model consisting of Landau diamagnetism,
Pauli paramagnetism and the FM effect is constructed.
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Then the magnetization density and susceptibility are cal-
culated respectively. Section 3 presents a detailed discus-
sion of obtained results. In section 4, we give a brief sum-
mary.
2 The Model
We consider a spin-1/2 Fermi gas with FM couplings of N
particles, with the effective Hamiltonian written as
H¯ − µN = DL
∑
j,kz ,σ
(
ǫljkz + ǫ
ze
σ + ǫ
m
σ − µ
)
njkzσ, (1)
where µ is the chemical potential of the system. The quan-
tized Landau levels of the charged fermions are
ǫljkz = (j +
1
2
)~ω +
~
2k2z
2m∗
, (2)
where j = 0, 1, 2, . . . labels different Landau levels, and
ω = qB/(m∗c) is the gyromagnetic frequency, with charge
q, effective mass m∗ and the magnetic induction intensity
B. The degeneracy of the Landau levels is
DL =
qBS
2π~c
, (3)
where S is the section area of x-y plane of the system.
The Zeeman energy levels associated with the spin de-
gree of freedom,
ǫzeσ = −g~(qB/m
∗c)σ = −gσ~ω, (4)
where g is the Lande´ factor, and σ denotes the spin-z index
of Zeeman state |F = 1/2,mF = σ〉 (σ = 1/2,−1/2).
The contribution to the effective Hamiltonian from the
FM couplings [15] is
ǫmσ = −4Iσ(m+ 2σnσ), (5)
where I denotes FM coupling and spin polarization m =
n 1
2
− n− 12 .
Then we obtain the grand thermodynamic potential
ΩT 6=0 = −
1
β
ln Tre−β(H¯−µN)
= −
1
β
DL
∑
j,kz,σ
ln
[
1 + e−β(ǫ
l
jkz
+ǫzeσ +ǫ
m
σ −µ)
]
, (6)
where β = 1/(kBT ). Through the Taylor expansions and
integral over kz , we have
ΩT 6=0 = −
ωV
~2
(
m∗
2πβ
)
3
2
∞∑
l=1
∑
σ
(−1)l+1l−
3
2 e−lβ[
1
2~ω−gσ~ω−4Iσ(m+2σnσ)−µ]
1− e−lβ~ω
, (7)
where V is the volume of the system. A similar treatment
has been used to deal with the diamagnetism of scalar
Bose gases [16,17,18]. We have extended it to further
study the competition between diamagnetism and param-
agnetism of charged spin quantum gases [19,20]. As far as
FM interaction is concerned, it is shown that the mean-
field theory is still effective in understanding the main
physics of magnetism [12,14,15].
Some compact notations for the class of sums are in-
troduced for simplicity,
F στ [α, δ] =
∞∑
l=1
(−1)l+1lα/2e−lβ~ω[
1
2−gσ−
4Iσ(m+2σnσ )
~ω
− µ
~ω
+δ]
(1− e−lβ~ω)
τ .
(8)
Then we may rewrite equation (7) as
ΩT 6=0 = −
ωV
~2
(
m∗
2πβ
)
3
2
∑
σ
F σ1 [−D, 0], (9)
where D = 3 is the space dimensionality.
Then the particle number density n = N/V can be
obtained through the grand thermodynamic potential,
n = −
1
V
(
∂ΩT 6=0
∂µ
)
T,V
= x(
m∗
2πβ~2
)
3
2
∑
σ
F σ1 [−1, 0], (10)
where x = β~ω.
Taking the grand thermodynamic potential derivative
with respect to the magnetic induction intensity B, the
total magnetization density can be obtained
MT 6=0 = −
1
V
(
∂ΩT 6=0
∂B
)
T,V
=
q~
m∗c
(
m∗
2πβ~2
)
3
2
∑
σ
{
F σ1 [−3, 0] + x
[(
gσ −
1
2
)
F σ1 [−1, 0]− F
σ
2 [−1, 1]
]}
.
(11)
In external magnetic field H , we have
B = H + 4πM. (12)
It is convenient to introduce some dimensionless pa-
rameters, such as t = T/T ∗, M¯ = m∗cM/(n~q), ω¯ =
~ω/(kBT
∗), I¯ = In/(kBT
∗), µ¯ = µ/(kBT
∗), m¯ = m/n, n¯σ =
nσ/n, h = q~H/(m
∗ckBT
∗), and x = ω¯/t, the character-
istic temperature of the system T ∗ is given by kBT
∗ =
2π~2n
2
3 /m∗. Accordingly, we can re-express equations (10),
(11) and (12),
1 = ω¯t
1
2
∑
σ
F¯ σ1 [−1, 0], (13a)
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M¯T 6=0 = t
3
2
∑
σ
{
F¯ σ1 [−3, 0] +
ω¯
t
[(
gσ −
1
2
)
F¯ σ1 [−1, 0]− F¯
σ
2 [−1, 1]
]}
,
(13b)
ω¯ = h+ 4πγM¯, (13c)
where γ = (q2n1/3)/(2πm∗c2), and
F¯ στ [α, δ] =
∞∑
l=1
(−1)l+1lα/2e
−l ω¯
t
[
1
2−gσ−
4I¯σ(m¯+2σn¯σ)
ω¯
−
µ¯
ω¯
+δ
]
(
1− e−l
ω¯
t
)τ ,
(14)
where µ¯ is the dimensionless parameter of the chemical
potential, which can be determined from the mean-field
self-consistent calculations.
At last, we calculated the susceptibility of charged
Fermi gases with FM couplings. From the formula χM =
(
∂M
∂H
)T,V , the derivation of equation (11) for the magnetic
field H , the expression of susceptibility can be obtained
as follows,
χM =
γb
ω¯ − 4πγb
, (15)
with
b = 2ω¯t1/2
∑
σ
{(gσ−
1
2
)F¯ σ1 [−1, 0]− F¯
σ
2 [−1, 1]}− ω¯
2t−1/2
∑
σ
{2(gσ − 1)F¯ σ2 [1, 1]− (gσ −
1
2
)2F¯ σ1 [1, 0]− 2F¯
σ
3 [1, 2]}.
(16)
3 Results and discussions
In the following discussions we will focus on the competi-
tion of magnetism, and explore the factors that determine
the magnetic competition. Meanwhile a comparison with
the results of Bose gases with FM coupling will also be
presented.
Firstly, the dimensionless magnetization density M¯ and
m¯ = n¯1/2 − n¯−1/2 versus I¯ is shown in figure 1. I¯c is used
to describe the critical value of reduced FM coupling con-
stant of the paramagnetic phase to ferromagnetic phase
transition. We can find the crossover of M¯ from figure
1(a). When the reduced FM coupling constant I¯ is smaller
than I¯c, M¯ is always equal to zero. And then M¯ begins to
increase with increasing I¯ from I¯c. It suggests that there
exists a spontaneous magnetization with the increase of
I¯ in the weak magnetic field. Figure 1(b) indicates that
although the value of lande´ factor g changes, the evolve-
ment of m¯ versus I¯ almost overlaps. And the value of I¯c
is identical for the given reduced temperature, in despite
of the values of lande´ factor are different. While the criti-
cal value of FM coupling constant I¯c approximates to 0.5,
0 1 2 3 4
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Fig. 1. (a) The reduced magnetization density M¯ , (b) m¯ =
n¯ 1
2
− n¯
−
1
2
as a function of reduced FM coupling constant I¯ at
reduced temperature t = 1.5 and the reduced magnetic field
h = 0.005. The Lande´ factor g is chosen as 0.3 (solid line),
0.4 (dashed line), 0.5 (dotted line), 0.6 (dash dotted line), 0.8
(dash dot dotted line), and 1.0 (short dashed line).
which can be evaluated from figure 1. The internal field
comes from the spontaneous magnetization results in the
diamagnetism [14]. Figure 1 shows that ferromagnetism
exceeds the diamagnetism with increasing I¯.
Since I¯c is an important parameter in the transfor-
mation between FM phase and paramagnetic phase. The
threshold of I¯c vs temperature is plotted in figure 2. The
FM phase situates above I¯c, while the paramagnetic phase
locates under the I¯c. We can find that the value of I¯c
increases linearly with the increase of temperature. The
results is similar to the Bose gas with FM coupling [14],
although they submit to different statistical rules, respec-
tively. It indicates that the crossover from paramagnetic
phase to FM phase is more difficult with increasing the
temperature.
After studying the spontaneous magnetization in the
weak magnetic field, figure 3 is plotted in order to un-
derstand the influence of Lande´ factor g. In figure 3, the
magnetic field is chosen as h = 0.8 and the reduced tem-
perature t = 1.5. The horizontal line M¯ = 0 in figure
3(a) is used to distinguish the region of paramagnetism
and diamagnetism. It is shown that M¯ is a negative value
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Fig. 2. I¯c versus reduced temperature t phase diagram of
charged spin-1/2 Fermi gases at magnetic field h = 0.005.
when g is small, which mainly derives from the diamag-
netic contribution. From figure 3(b) we can find that m¯
increase with increasing of Lande´ factor g until approxi-
mates saturation at higher I¯. It indicates that the larger
I¯ the larger m¯ for the identical value of Lande´ factor g,
where the Lande´ factor denotes the intensity of the para-
magnetism [19,20]. From figure 3(a) and 3(b), we can find
that the enhance of ferromagnetism stimulates the increas-
ing of paramagnetism. That is ferromagnetism cooperates
with paramagnetism to confront diamagnetism in a finite
magnetic field. This is different from the result of the Bose
gas with FM coupling [14]. Where it is faintly affected by
the FM coupling in the evolvement of magnetization den-
sity with g.
Figure 4 is plotted to get more insight of the depen-
dence of the magnetization density on magnetic field. The
system presents diamagnetism when g is small. Further-
more, there exists a threshold gc when 0.3 < g < 0.6,
which making M¯ < 0 while g < gc. This is independent
of the magnetic field. From the inset of figure 4(a), we
can find that the magnetization density approximates to
a small positive value at first when g = 0.6. While g ≥ 0.6,
the magnetization density increases firstly with increasing
the magnetic field, and then declines up to reach a satura-
tion value. It is shown that the paramagnetism competes
with diamagnetism in this definite FM coupling situation.
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(b)
 m
g
 I=0.0
 I=0.1
 I=0.3
 I=0.4
 I=0.5
 
 M
(a)
Fig. 3. (a) The reduced magnetization density M , (b) m¯ =
n¯1/2 − n¯−1/2 versus Lande´ factor g at reduced temperature
t = 1.5 and h = 0.8, where I¯ =0.0 (solid line), 0.1 (dashed
line), 0.3 (dotted line), 0.4 (dash dotted line), and 0.5 (dash
dot doted line).
The increasing of Lande´ factor promotes paramagnetism,
while the magnetic field facilitates diamagnetism.
For a more detailed understanding of the paramag-
netism and diamagnetism respectively, now we turn to
examine the paramagnetization density M¯p = gm¯ and
diamagnetization density M¯d = M¯ − M¯p in figure 5. It is
shown that both the paramagnetization density and dia-
magnetization density increases with enhancing the mag-
netic field at first. And then the paramagnetization den-
sity M¯p tends to saturate when the magnetic field inten-
sity is strong. While the absolute value of diamagnetiza-
tion density |M¯d| increases with the increase of magnetic
field intensity. When the magnetic field continues to in-
crease, the diamagnetism is close to a saturated value.
Therefore for the higher magnetic field the total magne-
tization density M¯ reaches to saturated values. This is
in conformity with the result of figure 4 in qualitatively.
With the increase of magnetic field, the contribution come
from ferromagnetism, paramagnetism and diamagnetism
reach to maximum, so the peak of total magnetization
density appears when Lande´ factor g is 0.8 and 1.0 in
figure 4. Whereas the diamagnetism increases faster than
paramagnetism as the magnetic field continues to increase.
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Fig. 4. (a) The reduced magnetization density M , (b) m¯ =
n¯1/2−n¯−1/2 as a function of reduced magnetic field h at t = 1.5
and I = 0.1, where Lande´ factor g=0.1(solid line), 0.3 (dashed
line), 0.6 (dotted line), 0.8 (dash dotted line), and 1.0 (dash dot
dotted line). The inset of figure 4(a) depicts the relationship of
reduced magnetization density M¯ versus magnetic field h with
the magnetic field region lies between 0 and 10.
It accounts for the total magnetization density decreases
with the increase of magnetic field until nearly saturated,
which can be found in figure 4.
The characteristic parameter γ has been set to 10−6 in
figures 1∼5, where the particle number density is 8/nm3
and the charge and mass are evaluated from a thin elec-
tron gas. To further investigate the FM phase transition
of the charged spin-1/2 Fermi gases in a broad tempera-
ture region including low temperature, γ = 10 is assumed.
Figure 6 shows M¯ and m¯ as a function of the tempera-
ture t when g = 0.8 in magnetic field h = 0.005. It de-
notes that the maximal M¯ occurs at a definite tempera-
ture, and then decreases in both lower temperature and
higher temperature regimes. Moreover, M¯ decreases faster
in the low temperature region than the case of the Bose
gas with FM coupling [14]. It reflects the diamagnetism
strengthens greatly in this region for Fermi gas. With in-
creasing the temperature, a flat decline appears when M¯
is close to zero, which can be seen clearly from the inset
of figure 6(a). This is obviously different from the Bose
gas. In our previous study on Bose gas with FM coupling
0 20 40 60 80
-1.00
-0.75
-0.50
-0.25
0.00
0.25
0.50
0.75
1.00
(b)  g=0.1
 g=0.3
 g=0.6
 g=0.8
 g=1.0
 
M
d
h
 
 
M
p
(a)
Fig. 5. (a) The reduced paramagnetization density Mp , (b)
the reduced diamagnetization density M¯d as a function of re-
duced magnetic field h at t = 1.5 and I = 0.1, where Lande´
factor g=0.1 (solid line), 0.3 (dashed line), 0.6 (dotted line),
0.8 (dash dotted line), and 1.0 (dash dot dotted line).
[14], a sharp decline emerges when M¯ approaches to zero,
which suggests that there exists a pseudo-condensate tem-
perature in the transition from ferromagnetism to para-
magnetism. However, at high temperature region for the
charged Fermi gases with FM interaction, M¯ and m¯ are
asymptotic with respect to the zero point for different
values of I¯. This demonstrates that there does not ex-
ist the pseudo-critical temperature for Fermi gases. The
difference between Fermi gases and Bose gases may be
attributed to the different statistical distribution.
Figure 7 plots the evolution of reciprocal of suscepti-
bility with the reduced temperature t, where the charac-
teristic parameter γ is reset as 10−6. It is shown that the
curves of 1/χ is proportional to the reduced temperature
t. This suggests that the susceptibility of Fermi gases with
FM coupling conforms to the Curie-Weiss law. When the
temperature is fixed, the susceptibility increases with the
increase of the Lande´ factor g. Since the Lande´ factor g
denotes the strength of paramagnetism, it suggests that
the increase of susceptibility is mainly attributed to the
contribution of paramagnetism at the fixed temperature
and magnetic field.
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Fig. 6. (a) The reduced magnetization density M¯ , (b) m¯ =
n¯1/2−n¯−1/2 versus reduced temperature t at reduced magnetic
field h = 0.005 and Lande´ factor g = 0.8, where I=0.1 (solid
line), 0.5 (dashed line), 0.6 (dotted line), 0.8 (dash dotted line),
and 1.0 (dash dot dotted line). The inset of figure 6(a) depicts
the smooth decline of reduced magnetization density M¯ with
the reduced temperature lies between 10 and 15.
4 Summary
This paper has revealed the interplay among paramag-
netism, diamagnetism and ferromagnetism of the charged
spin-1/2 Fermi gases with FM interaction. The paramag-
netic effect is described by the Lande´ factor g. Our re-
sults show that the ferromagnetism overcomes the dia-
magnetism when I¯ > I¯c in weak magnetic field. I¯c in-
creases linearly with the increase of temperature. With in-
creasing g, the gas presents paramagnetism from diamag-
netism. The reduced magnetization density M¯ declines in
the high magnetic field region, which indicates that the
contribution comes from diamagnetism enhances in the
region of strong magnetic field. As the increase of temper-
ature, the magnetization density asymptotically approxi-
mates to zero, which is different from the case of Bose gas
with FM coupling. It indicates that there is not a pseudo-
critical temperature for charged Fermi gases with FM in-
teraction. The diagram of susceptibility is in accordance
with the Curie-Weiss law.
1 3 5 7 9 11
0.0
6.0x107
1.2x108
1.8x108
2.4x108
3.0x108
 g=0.7
 g=0.8
 g=0.9
 g=1.0
 g=1.5
 
t
 
-1
Fig. 7. The reciprocal of susceptibility 1/χ versus reduced
temperature t at reduced magnetic field h = 0.005 and reduced
FM coupling constant I¯=0.5. The Lande´ factors: g=0.7 (solid
line), 0.8 (dashed line), 0.9 (dotted line), 1.0 (dash dotted line),
and 1.5 (dash dot dotted line).
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